Empirical and theoretical studies have attempted to establish the U-shape of the log-ratio of conditional risk-neutral and physical probability density functions. The main subject of this paper is to question the use of such a U-shaped pricing kernel to improve option pricing performances. Starting from the so-called Inverse Gaussian GARCH model (IG-GARCH), known to provide semi-closed form formulas for classical European derivatives when an exponential affine pricing kernel is used, we build a new pricing kernel that is non-monotonic and that still has this remarkable property. Using a daily dataset of call options written on the S &P500 index, we compare the pricing performances of these two IG-GARCH models proving, in this framework, that the new exponential U-shaped stochastic discount factor clearly outperforms the classical exponential affine one. What is more, several estimation strategies including options or VIX information are tested taking advantage of the analytical tractability of these models.
Introduction
In the financial literature, ARCH/GARCH models, introduced by [28] and [10] , have gained widespread acceptance over the last few decades to model heteroscedasticity of asset returns emerging as one of the most popular and flexible discrete time alternative to continuous time diffusions because the endogenous parametric specification of the volatility makes it possible to estimate the joint dynamics of returns and volatility only using time series of returns. From this seminal step, GARCH models have been extended in various directions to cope, in particular, with asymmetry properties (see e.g. [51] for a recent survey). Recently, [24] was the first to provide a strong theoretical framework, the so-called Local Risk Neutral Valuation Relationship (LRNVR), to price contingent claims when the underlying dynamics is given by a GARCH model with Gaussian innovations. While this approach outperforms the [9] benchmark it is restricted to Gaussian innovations and the prices are obtained using Monte Carlo simulations.
Following the preceding methodology, [40] considered a new conditionally-normal GARCHlike volatility updating scheme able to cope with skews in option prices. Moreover, they derived an interesting semi-closed form expression for call option prices making the pricing of such financial products fast and compatible with calibration estimation methods at a reasonable computational cost. Nevertheless, as this model is conditionally Gaussian, it usually fails to capture the short term behavior of equity option smiles. In fact, it is now well documented ( [17] , p.41) that Gaussian innovations can not take into account all the mass in the tails and the asymmetry that characterize the distribution of daily log-returns even if an asymmetric GARCH filter is applied 1 .
During the last decade (see [17] , Chap.2 for a recent survey), researchers have intensively investigated the way to extend the Duan's option pricing model to incorporate in GARCH residuals the skewness and leptokurtosis observed in financial datasets. In general, such a choice is motivated by equilibrium arguments (see [2] ) and/or by its compatibility with the myriad of possible candidates for the distribution. An important contribution in this direction was the work of [48] in which the authors used for the first time, in the GARCH setting, the conditional Esscher transform introduced in [12] to price European options using a shifted Gamma distribution. This approach is equivalent (see [33] ) to considering a special parametric form for the pricing kernel (exponential affine of the log-returns) and allows for explicit and tractable riskneutral dynamics in many situations 2 . The flexibility of the exponential affine parametrization is probably one of its main advantages with respect to its natural competitors as the generalized LRNVR of [25] (see also [49] and [50] ) or the extended Girsanov principle of [29] (see also [1] and [3] ). Nevertheless, in spite of their differences, all the preceding specifications coincide with the LRNVR in the Gaussian framework and depend on a single stochastic parameter related to the equity risk premium and uniquely determined by the martingale constraints.
The choice of an interesting characterization for the pricing kernel is an old topic (see [47] , [11] . [13] , [22] , [46] and [38] among others) that often leads to parametric forms that are monotonic functions of the log-returns ( [47] , [35] , [36] , [31] and [12] ). However, many recent empirical studies suggest evidences against the monotonicity assumption ( [7] , [5] , [53] , [15] and [6] ). In the GARCH setting, two approaches have been proposed to overcome this problem and take into account market and volatility risks: [43] introduced an extension of the classical Esscher transform, including a quadratic term in the pricing kernel while [21] proposed a variance dependent pricing kernel (see also [4] for a slight different approach compatible with non-affine models).
We propose in this paper an extension of the so-called Inverse Gaussian GARCH (IG-GARCH) model of [18] where the authors provide a new particular affine GARCH structure with Inverse Gaussian innovations to take into account conditional skewness. Using the pricing kernel derived from the conditional Esscher transform, they obtained the risk neutral dynamics, depending only on historical parameters, which gives rise to a closed-form option pricing for-mula as in [40] .
The main idea is to use here an extended and non-monotonic version of the exponential affine pricing kernel, particularly well-adapted to the Inverse Gaussian distribution, in order to increase the flexibility of the link between the historical and the risk-neutral distributions while preserving the tractability of the model. In fact, even in the case of our 3 new pricing kernel, closed-form expressions remain available for European call options and the VIX index 4 . Thus, it is possible to combine, at a reasonable computational cost, historical returns dynamics with options or VIX information in the estimation process to build more accurate joint likelihood as explained in [20] and [42] .
Finally, we perform a GMM test to check the validity of each pricing kernel with respect to the martingale conditions and present a comparative analysis of in-sample and out-of-sample pricing performances of the IG-GARCH model associated with both exponential affine and exponential U-shaped pricing kernels and estimated using options or VIX information. We compute the Implied Volatility Root Mean Square (IVRMSE) for each model to evaluate and compare the pricing errors. This empirical study provides strong evidences indicating that the exponential U-shaped pricing kernel is clearly superior in approximating the price of options written on the S &P500 for the concerned period. What is more, we show, in this framework, that an estimation strategy based on returns-VIX information provides very interesting pricing errors at a low computational cost because expensive calibration on options can be bypassed.
The remainder of the paper is organized as follows. The next section defines and develops the theoretical framework giving, in particular, the risk neutral dynamics under the two different pricing kernels and the associated closed form expressions for option prices and the VIX index. We present in Section 3 the methods of estimation based on different joint maximum likelihood. The numerical results are contained in Section 4. More precisely, we describe the returns, VIX and options datasets on the S &P500 used in the paper, we perform a GMM test to validate the martingale conditions and, finally, provide the in and out of sample pricing performances. Concluding remarks are given in Section 5.
The stock price dynamics and the stochastic discount factors
This section presents the theoretical framework of the present paper. Our study uses as a core model the inverse Gaussian GARCH (IG-GARCH) model of [18] known to cope with conditional skewness as well as conditional heteroskedasticity and a leverage effect. First, let us briefly remind the main lines of this approach that will be used in the following as a keystone to price options written on the S &P500 index using different pricing kernels.
2.1. The stock price dynamics under the physical probability measure P We consider a discrete time economy with a time horizon T ∈ N * consisting of a risk-free zero-coupon bond (associated to the risk free rate r expressed on a daily basis and supposed to be constant) and a stock (the risky asset). Following [18] , we assume that, under the physical probability measure P, the logarithm of the returns of the stock price process (S t ) t∈{0,...,T } fulfills
where the (y t ) t∈{1,...,T } are random variables generating an information filtration denoted by (F t ) t∈{0,...,T } where F 0 = {∅, Ω} and (F t = σ(y u ; 1 ≤ u ≤ t)) t∈{1,...,T } . Moreover, we suppose that, given F t−1 , y t follows an Inverse Gaussian distribution with degree of freedom δ t = h t η 2 5 . Classically, the moment generating function 6 of the pair (y t , 1 y y ) can be expressed as :
from which we deduce that
In particular, h t is the conditional variance of the log-returns and 2.1 may be considered as a GARCH-type model of conditional volatility accommodating with asymmetric volatility responses. We refer the reader to [18] for an in-depth discussion on the statistical characteristics of this process.
To conclude the presentation of the historical dynamics, let us remind one of the key feature of the IG-GARCH model (that may be seen in this way as a skewed analogous of the [40] model): the historical conditional moment generating function of log(S T ) may be expressed using backward recursive equations. Proposition 2.1. (See [18] Appendix A) Given F t , the moment generating function under P of log(S T ) is characterized by :
with A(T ) = B(T ) = 0 and
. 5 There exist in the literature different parametrizations of the Inverse Gaussian distribution, in this paper, definition and properties of the Inverse Gaussian distribution are presented along the lines of [41] and [8] , in particular, the associated density function is given by the one parameter family : 1 {y>0} δ
2 /2 where δ ∈ R * + . 6 Having option pricing in mind, the existence and the simple expression of the moment generating of the Inverse Gaussian distribution will be fundamental to use the so-called Esscher transform (and the variant presented in this paper) to specify stochastic discount factors.
This property of the conditional moment generating function will be used in the option pricing analysis to obtain prices using the fast Fourier transform methodology.
Two stochastic discount factors and the related risk-neutral dynamics
When we have option pricing in mind, conditional distributions of returns and volatility specifications are not the only issue one should pay attention to. In fact the use of realistic discrete time volatility structures and continuous distributions gives rise to incompleteness and equivalent martingale measures are not unique in general. It is classically known that in the discrete time setting the construction of such a probability measure is equivalent to the specification of a one-period stochastic discount factor process (see for example [17] , Chap. 3.2.2). The purpose of this section is to present two approaches compatible with the dynamics introduced in 2.1 in order to obtain tractable risk-neutral processes. The first one, due to [12] , first applied in the GARCH setting by [48] , is based on the conditional extension of the [30] transform used by [31] to price contingent claims in continuous time. The second and new one, inspired by the second order Esscher transform introduced by [43] for Gaussian GARCH models, induces more flexibility in the definition of the stochastic discount factor and permits to obtain different realistic shapes.
The exponential affine stochastic discount factor
The conditional Esscher transform introduced by [12] has been a major innovation in the discrete time financial literature providing a flexible framework to price European derivatives. In the GARCH setting it has been combined, with empirical successes, with various families of distributions such as Gaussian jumps in [26] and [27] , the mixture of Gaussian distributions in [1] or the Generalized Hyperbolic distributions in [16] . This approach is equivalent (see [33] ) to considering a stochastic discount factor that is exponential affine of the log-returns 7 : 
with η * = η 1 − 2θ * η and where, given F t−1 , y * t follows an Inverse Gaussian distribution with degree of freedom δ *
We remark, from the preceding proposition, that the conditional dynamics under Q ess is the same as under the historical probability with changed parameters and that the risk-neutral conditional variance can be expressed as h *
One important empirical consequence for the pricing of European call and put options is that proposition 2.1 remains valid under Q ess , thus semi-closed form formulas will be available for prices.
Even if the assumption of an exponential-affine stochastic discount factor is well theoretically justified in the literature, in particular in equilibrium pricing models (see [2] ), it is not the only issue to obtain arbitrage-free price processes that derive from the pricing equations (2.3). Thus, in the next subsection, we are going to see how to extend the exponential affine pricing kernel M ess t in order to increase the flexibility of the link between the historical and the risk-neutral distributions while preserving the tractability of the model.
The exponential U-shaped stochastic discount factor
We derive in this subsection the risk-neutral dynamics of the IG-GARCH model using an exponential U-shaped pricing kernel that extends the classical conditional Esscher transform. Inspired by the second order Esscher transform recently introduced by [43] in the Gaussian setting, we include the term ρ t y t in the specification of M ess t to be able to generate an exponential U-shaped function:
where θ t , ε t and ρ t are F t−1 measurable random variables 10 . Under the risk-neutral probability
) t∈{1,··· ,T } , the overall dynamics of the log-return is, once again similar the historical one: 9 Contrary to what happens for Gaussian GARCH models, the IG-GARCH framework is able to cope with the well-known stylized fact that the risk-neutral variance is in general greater than the historical one.
10 From (2.1), we obtain M U shp t = e θ t ηy t + ρt yt +ε t +θ t (r+νh t ) . In the empirical exercise performed in section 4, we obtain, independently of the estimation process, η < 0, θ t < 0 and ρ t > 0. Thus, lim 
where
, and where, given F t , y * t+1 follows an IG distribution with degree of freedom
As before, we obtain a similar IG-GARCH structure for the risk-neutral dynamics of the log returns. Of course, if ∀t ∈ {1, · · · , T }, we impose ρ * t = 0, we recover the result of the proposition 2.2. Nevertheless, the risk-neutral dynamics given by proposition 2.2 only depends on the initial historical set of parameters while the dynamics presented in proposition 2.3 introduces a riskneutral parameter π. Thus, the first model may be estimated from returns using a conditional version of the classical maximum likelihood (ML) estimation while an extra information (based on option prices) is needed for the estimation of the second one. In the two next subsections we show how to include this extra information in an efficient way in the estimation strategy. More precisely, we show that for the two risk-neutral IG-GARCH models we have numerically efficient closed form expressions not only for the price of European call options but also for the VIX index at any time.
Pricing European call options using Fast Fourier Transform (FFT)
It is well known from the pioneering work of [39] that the price of European call options may be expressed using the risk neutral conditional moment generating function of log(S T ) (see also [17] , p. 184): if Q is an arbitrary equivalent martingale measure, we have
Even though this formula prevents to use slow Monte-Carlo methods to approximate the price process, two important numerical issues stay. First, G Q log(S T )|F t has to be computed effectively, second, finding the price necessitates univariate numerical integration. For the first point, the IG-GARCH model is particularly well designed because proposition 2.1 (combined with the two preceding risk-neutral dynamics) provides an interesting backward recursive approach. For the second point, the answer is given by [14] that offer a powerful strategy based on the Fast Fourier Transform (FFT) to compute option prices efficiently for a full range of strikes and a given maturity 11 . In the empirical part, this approach will be used to estimate parameters directly from option prices minimizing an appropriate loss function.
To conclude this section, we provide, for the IG-GARCH model and the two preceding specifications of the stochastic discount factor, a closed-form expression for the one month riskneutral expectation of the integrated variance to integrate information on VIX without costly computations.
Pricing using VIX information
In a recent paper, [37] (see also [45] ) derived implied VIX formulas that may be deduces from Gaussian GARCH models combined with the so-called [24] Local Risk Neutral Valuation Relationship. What is more, they proposed a joint likelihood estimation methodology including returns and VIX data that was used in [42] to improve pricing performances. The aim of this subsection is to derive analogous formulas and estimation tools for the IG-GARCH model.
The VIX index may be seen as the fair-value strike for a 21-business days variance swap and is known as the fear index. From 2003, the VIX relies on the concept of static replication using all calls and puts with valid quotes, and thus it does not subjected to a specific option pricing model. Nevertheless, in discrete time and in the absence of jumps, it can be written as
where τ = 250, T c = 21, Q is an equivalent martingale measure 12 and h * t the conditional and risk-neutral daily variance. Concerning the IG-GARCH model, from the risk neutral dynamics in 2.4, 2.5 and using iterative properties of the conditional expectation, the expected conditional variance E Q h * t+ j | F t can be expressed as a linear combination of the conditional spot variance h * t+1 and the unconditional variance h * 0 , weighted by (ψ * ) j−1 :
where the variance persistence ψ
on the risk-neutral parameters of the model 13 . Thus, we easily obtain (see the proof in the Appendix) 1 τ
11 For the sake of brevity, we refer the reader to [17] , p. 137, where a detailed algorithm is proposed with the associated R source code also used in the present paper. 12 In this section, we implicitly suppose that Q derives from the one period stochastic discount factor processes defined in sections 2.2.1 and 2.2.2 13 For the IG-GARCH model, the risk-neutral parameters are simple functions of the historical ones in the case of an exponential affine stochastic discount factor while they are functions of the historical parameters and π under Q U shp .
Estimation of parameters
In the literature, there exist different methods for the estimation of GARCH parameters, the most popular one being the conditional version of the classical (the) Maximum Likelihood Estimation (MLE). In fact, once the GARCH volatility structure and the innovations' density are specified, the conditional log-likelihood based on return observations is in general easy to express and historical parameters are obtain using optimization schemes. For the IG-GARCH model, the knowledge of historical parameters is sufficient to deduce the dynamics under Q ess because risk-neutral parameters are functions of the historical ones. For the dynamics under Q U shp , it is not a priori possible to extract the risk neutral parameter π from return data only. An additional information, based for example on options or the VIX index, has to be exploited. To make fair the comparison between the risk-neutral dynamics presented in this paper and to deeply use the technical flexibility of the IG-GARCH framework, we favor in our study joint estimation strategies using both return-option (see for example [20] ) or return-VIX (see [42] ) observations.
Joint MLE Estimation using option prices and asset returns
It is well-known that GARCH parameters may be efficiently extracted from option data, when semi-closed form formulas are available for call options prices, minimizing an appropriate loss function. In [40] or [18] the authors minimize the root mean square error between model and market option prices but as argued in [20] this criteria places a greater weight on expensive in-the-money and long-maturity options. To overcome this problem, the linear vegaapproximation of implied volatility errors is a popular approach. We obtain estimates of the set of the risk neutral parameters, denoted by ϑ * , minimizing the Implied Volatility Root Mean Square Error (IVRMSE) 14 :
Here, n t is the number of option contracts in the sample at time t and N T Op = T Op t=1 n t where T Op is the number of days in the options sample. c i,t h * t ; ϑ denotes the price of the i−th option at time t given by the model 15 whileĉ i,t is the price observed in the market.V i,t is the Vega associated toĉ i,t that is computed using the implied Black-Scholes volatility σ i,t obtained from the market price.
To avoid the distortion of parameters that may appears performing pure calibration exercises 16 , we present in this subsection a joint MLE estimation using both option prices and asset returns to estimate the parameters of the model as explained in [20] . On the one hand, we need to build the log-likelihood function associated to the log-returns (Y 1 , ..., Y T ). Under IG innovations, the conditional density function of Y t given (Y 1 , ..., Y t−1 ) is given by :
and the conditional log-likelihood is given by
that is a function of the historical parameters. On the other hand, in order to obtain the loglikelihood function associated to option data, we consider the Black-Scholes Vega weighted option valuation error:
that is an approximation of the implied volatility error. Moreover, assuming that the errors ( i,t ) are independent and identically distributed Gaussian random variables the corresponding option log-likelihood can be written (see [19] ) as :
Using both likelihoods in equations 3.9 and 3.10, the joint estimation of the parameters can be obtained by maximizing the joint log-likelihood function:
where T is the number of days in the returns sample, and N T Op is the total number of option contracts 17 .
Joint MLE Estimation using asset returns and VIX index
This subsection introduces a joint MLE estimation using both returns and the VIX index. In a recent paper, [37] proposed a joint likelihood estimation method that incorporates VIX information to capture, in GARCH estimation, the Variance Risk Premium. Their study is based on closed-form formulas for the VIX approximations associated to several Gaussian GARCH pricing models. These formulas, similar to the one obtained in the present paper for the affine IG-GARCH model, permit to compute efficiently the related log-likelihood from risk-neutral parameters. Using a similar approach [42] have implemented a joint maximum likelihood estimation using returns and VIX with auto-regressive disturbances to enhance the estimation 17 We have ϑ * = {ν, ω, b, c, a, η} in the case of the exponential affine stochastic discount factor and ϑ * = {ν, ω, b, c, a, η, π} in the case of the exponential U-shaped one.
performances of the GARCH option pricing model at a reasonable computational cost. More precisely, in this latter study, the likelihood function on V IX is obtained considering the following model which introduced an error process with autoregressive disturbances:
where (e t
We combine this log-likelihood with the one associated to the log-returns in equation 3.9 to solve the joint likelihood optimization problem on returns and VIX as follows :
whereθ * = (ϑ * , * ) and * is the estimated value of the autoregressive parameter introduced above.
Empirical results
Based on the preceding theoretical results, this section examines the empirical pricing performances of the IG-GARCH models using the two different stochastic discount factors.
Data properties
To implement the previous joint maximum likelihood estimation strategies using VIX or options information we use in this paper several time series data. The first one is made of daily log-returns of the S &P500 index and the associated CBOE VIX ranging from January 07, 1999 to December 31, 2010. The series of returns is computed from closing prices. Both the return and VIX series have 2718 daily observations available for our study. In Table 1 , we provide the descriptive statistics of the S &P500 Log-returns and VIX time series.
The second dataset is made of Wednesday's European call options written on the S &P500 from the CBOE. It contains call option prices for a large range of moneynesses and maturities. The sample period extends from January 01, 2009 to December 31, 2010. Our sample consists of option contracts on 104 Wednesdays and we apply, as most of the empirical studies in the literature (see [40] , [18] or [42] ), the same filters as [5] . To empirically study the real option pricing performances of our models, we split up our option dataset into an in-sample and an out-of-sample, the models will be estimated with the returns-option strategy only using the in-sample data. The in-sample option data ranges from January 01, 2010 to December 31, 2010 and the out-of-sample data from January 01, 2009 to December 31, 2009. Table 2 (resp.  Table 3 ) reports the in-sample (resp. out of sample) summary statistics for option data: average price, average implied volatility and the number of contracts for each moneyness/maturity 18 category. The in-sample contains 1332 contracts and the out-of-sample one 1533. Finally, for the risk-free rate, that is essential to implement pricing formulas, we use the daily 3 month U.S. Treasury bills (secondary market), obtained from the U.S. Federal Reserve website. Table 4 , contains the estimated parameters, as well as their standard errors, for the IG-GARCH model combined with the two different stochastic discount factors using the optionreturns and the VIX-returns methodologies. All the parameters are statistically significant at conventional 5% significance levels. Instead of focusing on the individual parameter values of the models (that are, roughly speaking, quite stable across the estimation strategy and the choice of the pricing kernel) we can remark that the risk-neutral persistence is high for all the models, that the levels of annualized volatility are realistic and that the leverage effect is observed.
Testing the validity of the stochastic discount factors
Before to test more precisely the pricing performances of the IG-GARCH model, we propose, following [34] , to question the consistency of the exponential affine and exponential Ushaped forms of the stochastic discount factor. In this way, we perform a Generalized Method of Moments (GMM) test based on the classical martingale conditions for the risky asset and the associated derivatives. In fact, when (M t ) is a one period stochastic discount factor we need to have
where P t (K, T ) is the price at time t of a call option of strike K and maturity T . Thus, we test the null hypothesis E P e Y t+1 M t+1 | F t = 1 19 using the statistics
Under the null hypothesis, t S /σ T √ T is asymptotically standard normal whereσ n is the NeweyWest long-run sample variance estimate for M t+1 S t+1 S t − 1. The results are presented in Table 5 : for each collection of estimated parameters (see Table 4 ), the statistics proposed in equation 4.16 is computed and compared to the 5% level critical values for standard normal distribution. We find that the null hypothesis is accepted for each stochastic discount factor and estimation methodology. More precisely, the values of the GMM test statistics obtained in Table 5 are between −1.96 and 1.96 and the null hypothesis that the moment condition is equal to zero is not rejected at a 5% risk level. This preliminary analysis is not sufficient to discriminate both stochastic discount factors and estimation methodologies that are all compatible with the martingale restriction. In the next subsection, we investigate in details the related pricing performances.
Pricing performances
Observing the general pricing performances reported at the bottom of Table 4 , one might reach, without ambiguities, to the conclusion that, independently of the estimation method, the IG-GARCH model combined with an U-shaped pricing kernel provides a much better fit (insample and out-of-sample) than the classical exponential affine approach.
In fact, the in-sample implied volatility roots mean square error IVRMSE for the period 2009 with 1322 contracts is 0.0523 for the exponential affine SDF model using the joint MLE estimation with option-returns data, while the U-shaped SDF performs slightly better with an IVRMSE of 0.04215, which represents a 19.40% improvement as observed in Table 11 . Analogous in-sample results are observed when estimating the models using the joint MLE with VIX-returns data, the IVRMSE is smaller when the U-shaped SDF is used: the IVRMSE for the exponential affine SDF is now 0.0544 versus 0.0440 for the U-shaped SDF, which represents a 19.11% improvement. We can also observe from Table 12 to Table 15 the values of the in-sample IVMRSE for different moneynesses and maturities. Thus, the in-sample analysis strongly favor the U-shaped specification. Concerning the choice of the estimation methodology, even if the results are quite similar, in terms of computational time, we can observe from Table 10 that the results associated to the VIX approach are clearly faster to obtain than results from option prices.
The preceding conclusion is not really surprising because an extra parameter is introduced in our approach allowing for more flexibility in calibration exercises. Thus, it is now interesting to focus on the true test for a pricing model, the out of sample pricing performances for the period 2010 when the models are evaluated using the parameter estimates from the 2009 sample period. As observed in Table 4 , when the model is estimated using option-returns information, the IVRMSE drops from 0,1285 to 0,09727 with the U-shaped pricing kernel which represents a 24.65% improvement. The same holds when VIX-returns observations are used to estimate the model with a 28.29% improvement. What is more, we can observe from Table 16 to Table 19 that this result is homogenous regarding moneynesses and time to maturities. It is now clear that the out of sample results largely confirm the in-sample ones, the IG-GARCH model provides better pricing performances when the U-shaped SDF is used to obtain risk-neutral dynamics.
Conclusion
In an important paper, [18] proposed an option pricing model based on an IG-GARCH process and the conditional Esscher transform to underline the importance of modelling conditional skewness. One of the main features feature of this approach is to provide, as in [40] , semi-closed form formulas for call options but for non Gaussian innovations. Recently, the monotonicity of the stochastic discount factor (often supposed to be exponential affine of the log-returns) was discussed in the literature (see for example [19] and [43] ) to favor U shapes. In this paper we have explored an extension of [18] using an U-shaped pricing kernel that increases the flexibility of the link between the historical and the risk-neutral distributions while preserving the tractability of the model. Our empirical results are clear, the in and out of sample pricing performances of the IG-GARCH are improved by the choice of this new pricing kernel. What is more, we show, in this framework, that an estimation strategy based on returns-VIX infor- 
have a unique solution denoted by (θ * t+1 , ε * t+1 , ρ * t+1 ). The preceding system can be expressed using the conditional moment generating of the pair (Y t+1 , y
( 5.18) To obtain the dynamics under Q U shp , we compute the risk-neutral conditional moment generating function of Y t+1 :
Using the first equation in (5.18), we can express the risk-neutral moment generating function simply using the historical one:
.
Given F t , we know that y t+1 follows, under the historical probability P, an IG distribution with degree of freedom δ t+1 = h t+1 η 2 . Thus, using (2.2), we obtain
. Therefore, we can write 20 A priori, the parameter η * depends on time through θ * t+1 but as we are going to see below, θ * t+1 is time independent.
where, given F t , y * t+1 follows an IG distribution with degree of freedom δ * t+1 . In particular the risk neutral volatility at time t + 1 fulfills h * t+1 = η * δ * t+1 and we deduce from
To conclude the proof it only remains to express η * using the historical parameters of the model and π. We start from
The martingale condition for the risky asset implies G
(1) = e r from which we can extract ρ * t+1 as a function of θ * t+1 :
Then, the parameter η * is obtained as the solution of the following cubic equation:
It is well known that this equation has a unique real solution if and only if 21 :
More precisely, we get
where p = 2π ν and q = 2 π 2 ν 2 and we can simplify this expression to obtain
Finally, we may deduce from the preceding equality that
and that the pricing system (5.17) has a unique solution depending on the historical parameters and π.
V IX as a function of the spot volatility (Section 2.4). Under both specifications of the pricing kernel, the risk-neutral dynamics of the IG-GARCH model may be written as
where, given F t , y * t+1 follows an IG distribution with parameter h * t+1 η * under the risk-neutral probability Q. Thus 22 ,
2 is the variance persistence, and h * 0 = w * + a * (η * ) 4 1 − ψ * is the unconditional volatility, under the risk-neutral probability. Now, using the tower property of the conditional expectation operator, the j−step ahead prediction of the risk-neutral volatility under the risk neutral measure is given by
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